A GENERALIZED FATOU THEOREM FOR BANACH ALGEBRAS DONALD CURTIS TAYLOR
Let B denote a commutative, semisimple Banach algebra with unit and let I be a fixed closed ideal in B. In the maximal ideal space M B of B 9 fix a compact set X and put E = X n h(I), where h(I) is the hull of /. The main result of this note is the following THEOREM 1.1. Let I have an approximate unit that is uniformly bounded by the constant C and let g be a nonnegative continuous function on X of sup-norm <1 that vanishes on E. If h is an element of I and δ > 0, then there exists an element /in I such that (1) 
II/II^C (2) ΈleAx)^g(x)+\ϊmf(x)\ (xeX) (3) ||/A-ft||<a.
Here / denotes the Gelfand transform of an element / in B, \\ \\ denotes the norm in B, and || H*, denotes the sup-norm in the space of complex, continuous functions on X.
1* A theorem of Fatou* Let A denote the sup-norm algebra of continuous functions on the closed unit disc which are analytic on the open disc, and let J = J(E) be the ideal of functions in A which vanish on E, a closed set of Lebesgue measure 0 on the unit circle. In J there exists a sequence of functions, each of sup-norm rgl, which converges uniformly to the constant function 1 on compact subsets of the complement of E; that is, J has an approximate unit. This fact may be deduced from a classical theorem of Fatou which guarantees the existence of a function in A which vanishes precisely on E and has positive real part elsewhere. The results in this paper stem from the observation that a reverse implication holds. By using only the existence of an approximate unit in / and the fact that E is a hull (This latter fact follows from the P. and M. Riesz theorem, for example.), we obtain the following generalized Fatou theorem for A: if g is a nonnegative continuous function on the closed unit disc of supnorm <1 that vanishes on E, then there exists an / in J such that ||/IU^1 and Re/^ </+ | Im/|.
Because of the central role played by approximate units, an analogous result can be established with surprising ease in the setting of a general Banach algebra. Specifically, let B denote a commutative, semisimple Banach algebra with unit and let / be a fixed closed ideal in B. In the maximal ideal space M B of B, fix a compact set X and (1), (2), and (3) of Theorem 1.1. For our applications this is crucial because conditions (1), (2), and (3) enable us to give a useful characterization of an approximate unit in / (see Corollary 2.4). Furthermore, condition (2) gives us information about Re/. This is important because we need estimates on the supremum norm of exp(/). These estimates and condition (1) provide the information necessary to prove the interpolation Theorem 2.5. 2* Proof of Theorem 1*1* We will first give a precise definition of an approximate unit in / and then we will state and prove two preliminary results. DEFINITION 2.1. The closed ideal I is said to have an approximate unit, if there exists a real number C ^ 1 and a collection {e λ : λ e Λ} of elements of /, where the index set A is a directed set, such that the following two conditions are satisfied: \\e x \\ ^ C, for each λ, and lim e x f = f, for fel. Suppose that e h , e λ2 , , e λn have been defined in /. Since lim e λ e λ . = e λj for j -1, 2, , n, it follows that there exists (by Lemma 2.2) an e λn+ι in J, || e λ%+1 \\ ^ C, such that J1 -^w +1 1 < 1/2 on Λf s \ V^ and such that the inequality Tiolds for j -1, 2, , ^. Thus, by induction, we have defined a sequence of elements {e λ j in /, ||β; Λ ||^C, such that e Xn e λj -^e 2j as n-+oo(j -1, 2, 3, •) and such that {e λ j converges pointwise to 1 on M B \K. It is easy to show that the subset I o of / defined by Jo = {/e/: lim β iΛ / = /} is a closed ideal in B that satisfies (1) , (3), and (4). To see that I o satisfies (2), we observe that h(I ϋ ) = Π^iί^^Λfjsi \e λn (x)\ < 1/n}. Hence our proof is complete.
Proof of Theorem 1.1. By virtue of Lemma 2.3 we may clearly assume that E is a compact G δ subset of M B and g vanishes precisely on E.
Let 0 < λ < I/AC and ε = min {1/32, (l-\\g |U)/2}. Let K p denote the compact subset of X defined by 
(1 -xy -e(l -λ)''-1 -(9/32). Choose λ 0 = (a Q , n), where \\f\\jn < ε/2. Then for λ = (α, n) ^ λ 0 we have
\\ej -f\\ = \\e λ f -e λ h a f + e λ h a f -h a f + h a f -f\\ . 2C \\h a f -f\\ + \\f\\-\\e λ h a -h a \\ < ε .
In other words, lime x f' = f for every f el. Hence our proof is complete. 
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